Introduction
In our work on planning manipulator pushing operations, it seemed reasonable to make use of the following two conjectures:
1. A pusher can move an object only by moving into it.
2. If the pusher moves into the object and there is an infinite coefficient of friction at the pushing contact, then the contact will not slip.
It was with considerable surprise that we discovered that these two seemingly obvious statements are incorrect. We explain why and discuss the implications for rigidbody mechanics with friction.
Consider two rigid objects in frictional contact, supported by a horizontal planar surface, with gravity acting along the vertical. The motion of one object, the pusher, is given. The motion of the other object, the slider, is subject to Newton's laws. Frictional forces are governed by Coulomb's Erdmann (1984 Erdmann ( , 1994 , Rajan et al. (1987) , Brost and Mason (1989) , Dupont (1992) , Trinkle and Zeng (1992) (Figure 5 ), one system .x-y aligned with the pusher, and a primed system x'-y' aligned with the applied force but centered on the ring of the slider.
With some modifications, Goyal (1989) gives the following expressions for frictional force and torque applied by the ring to the support surface in the primed system: where T~TI is the slider weight multiplied by the support friction coefficient, c,~ is the slider angular velocity, and v is the velocity of the slider center along the y'-axis. (The velocity of the slider center along the 3/-axis is zero. The velocity center will fall a directed distance -vjw along the x'-axis.) The integrals are elliptic integrals that could be reduced to normal form as in Goyal (1989) .
The frictional force and torque measured in the unprimed system are:
For quasistatic balance the torque about the contact point must be zero:
Eq. (7) implicitly defines a velocity center as a function of the force angle 0. In principle, we could solve eq. (7) for lJ.-'/v as a function of 0. The quantity -v/c.~ gives the velocity center location on the x' -axis and the sign of To, gives the rotation sense. In practice, the relation of the pusher force to the slider motion can be obtained numerically. The next section describes a convenient geometric interpretation of this relation.
Limit Surfaces
To visualize the relation between the pusher force and the slider motion, we can employ the limit surface of Goyal, Ruina, and Papadopoulos (1991) (v~, vy, cv) causes the slider to apply a force (/.r,./~,T) to the support, then (v~, v., w) is parallel to the outward-pointing normal of the limit surface at ( f~, fy, T).
For the present case, the limit surface can be reduced to a curve in the plane. The limit surface is constructed with forces and torques measured in the ~-y coordinate system centered at the pushing contact. Because we are interested in only those motions producing no torque about the contact point, we intersect the limit surface with the plane To = 0 to obtain a limit curve representing the locus of frictional forces corresponding to possible solutions of the slider motion. Now choose the pushing force f to be one such force on the limit curve, and let v s be the corresponding velocity of the slider contact point.
Then vS is normal to the limit curve at f. Figure 6 shows limit curves for different rod lengths l. (The limit curves may appear to be elliptical, but they are not.) As I approaches zero, the limit curve approaches a circle. As (Mason 1986) Figure 10A , pulling is a consistent solution if the pusher acceleration ap is inside the acceleration cone and (This pulling example is equivalent to a well-known example of frictional ambiguity : a rod touching a nearly vertical wall in a gravity field; see L6tstedt [1981] , Erdmann [1984, 1994] , Rajan et al. [1987] .) In Figure 1OB (Fig. 13) . To obtain these bounds, we note the following geometrical relations that apply to the lines of action of both the inertial force and the support frictional force:
1. Given an acceleration center with the slider initially at rest, each line of force is perpendicular to the line through the acceleration center and the slider center of mass. 2. Both lines of force are directed so as to oppose the acceleration.
3. Therefore, the two lines of force are parallel to each other and to their resultant force.
4. Both lines of force lie on the opposite side of the ring center from the acceleration center. 5. If the acceleration center is outside the ring, each line of force passes through the ring. Now we consider several cases, depending on the direction of the applied force. First, suppose the applied force acts within the friction cone but along a line wholly to the right of the ring. Then both the support friction and the inertial force must also pass the ring on the same side. Hence, the acceleration center is inside the ring, on a line through the ring center and perpendicular to the applied force, and on the opposite side of the ring center. As we sweep the applied force through this range, the possible acceleration centers must fall within a sector of the ring interior.
Second, suppose the applied force is tangent to the ring. Both the support friction and the inertial force must act along the same line. The acceleration center must lie on the opposite side of the ring.
Third, suppose the applied force passes through the ring to the right of the ring center. The support friction and the inertial force must act on the same side of the ring center and through the ring. The acceleration center must lie outside the ring, on a hne through the ring center and perpendicular to the applied force, and on the opposite side of the ring center. As the applied force is swept through this region, the acceleration center is confined to a sector of the plane outside the ring.
Fourth, suppose the applied force passes through the ring center. The support friction and the inertial force cannot act on opposite sides of the center, so they must both act through the center. The acceleration center is at infinity, corresponding to a translation in the direction of the applied force.
There are three more cases, but they are similar to the first three. Taking all seven cases together, we find that the possible acceleration centers for L = 5 and N, = o0 are confined to the region shown in Figure 13 (Routh 1913, p. 128) (Strang 1980 For forces applied through the rod endpoint (x,, y) in E, we construct the ellipsoid F'(p') for a reference frame E' located at this point. We intersect this ellipsoid with the plane of zero torque in ~' to get an ellipse. This ellipse is described by the 2 x 2 upper left submatrix of A':
The major axis of the ellipse is in the direction (r, y) with half-length c,/2?n, and the minor axis is in the direction (-y, x) with half-length cp 2rn/(p2 + x2 + y2).
The gradient of the ellipse at the applied force gives the linear acceleration of the point (~, y) (see Fig. 11 ).
